A direct approach for the calculation of the natural frequencies and vibration mode shapes of a perfectly clamped-free beam with additional stepwise eccentric distributed masses is developed, along with its corresponding equations. Firstly there is contrived influence of a mass, located on a given position along the beam, upon the modal energies, via an energy analysis method. Secondly, the mass participation coefficient is defined as a function of the mass location and the bending vibration mode number. The proposed coefficient is employed to deduce the mathematical relation for the frequencies of beams with supplementary eccentric loads, generally available for any boundary conditions. The accuracy of the obtained mathematical relation was examined in comparison with the numerical simulation and experimental results for a cantilever beam. For this aim, several finite element models have been developed, individualized by the disturbance extent and the mass increase or decrease. Also, one real system was tested. The comparisons between the analytically achieved results and those obtained from experiments proved the accuracy of the developed mathematical relation.
Introduction
During operation, engineering structures are subjected to loads, often produced by supplementary masses. These structures can suffer various damage types, including corrosion due to the interaction with the environment, which produce alterations of the geometry and the mechanical/physical properties [1] . All these alterations from the original state affect the structure's modal parameters. Some typical damage geometries are known. Among cracks, one can distinguish between breathing cracks, producing just a stiffness decrease, and open cracks, which additionally generate a decrease in mass. Regarding corrosion, a conventional criterion to classify this phenomenon is concerned with the appearance of the corroded area. The two basic forms of corrosion are defined as (a) generalized corrosion, when the components surface is affected at the same rate on a large area, and (b) localized corrosion, which is restricted to compact areas [2] .
Development of damage detection methods has drawn the interest of numerous researchers [3] [4] [5] [6] [7] [8] . Even if most papers presented in literature tackle open cracks, the influence of the loss of mass is neglected, introducing this way inaccuracy in the damage detection methods. This fact is also valid for the detection of corrosion in structures. Another aspect concerns the design of damage detection methods for structures loaded by supplementary masses. Thus, deriving simple mathematical relations, which are able to predict the frequency changes due to mass alteration, is an actual challenge.
Herein, the cases of mass increase and decrease are equally treated, for different beam segment lengths, affected by these mass distortions. The idea was to find a reliable In prior research devoted to the analysis of beams with open cracks (see [9, 10] ), slim beam regions were considered affected by stiffness and mass changes. It was proved that the superposition principle can be applied to find the natural frequencies of beams with open cracks. As a consequence, the problem of stiffness and mass variation can be approached separately. This paper introduces a behavioral model and the subsequent mathematical relation for beams with uniform stiffness but variable distributed mass, for which the accuracy is proved by comparison with numerical simulations and experimental test results.
Analytical Investigation
The aim of this section is to introduce a mathematical relation contrived by the authors, which predicts the frequency changes due to mass variation. In order to illustrate the case, a cantilever beam is used. In this example, the geometrical asymmetry assures an unequivocal link between the mass disturbance, defined by position and intensity, and the frequency changes. The analyzed prismatic beam of steel, illustrated in Figure 1 , has length , width , and thickness . As a consequence, the beam has a cross-sectional area = ⋅ and a moment of inertia = ( ⋅ 3 )/12. The mechanical parameters involved in this analysis are the longitudinal elasticity modulus , the volumetric mass density , and Poisson's ratio . In addition, the earth gravity is considered. On the cantilever beam only the dead mass is considered.
The natural frequency of the th bending vibration mode for a beam with any support type is derived as
where is the beam mass and are characteristic roots achieved as solutions of the characteristic equation representing four boundary conditions. For the cantilever beam, this equation is
The beam subjected to a supplementary load, induced by a mass uniformly distributed on a segment of length Δ located between points and , is shown in Figure 2 (a). The beam's model is depicted in Figure 2 (b) in a continuous approach and in Figure 2 (c) for the finite element analysis. In this last case, the total mass growth is achieved by increasing the volumetric mass density of the mentioned segment (marked with dark color). On the contrary, if the segment between points and has a reduced mass, a diminished volumetric mass density in the region is taken into account. The beam stiffness is kept unchanged in all cases.
For finding the influence of mass changes upon the beam dynamics, the cantilever beam is considered as continuous and without mass. A mass , positioned at the free end, covers in a quarter-period /4 the distance ( ). Another mass , located at the distance from the fixed end of the beam, covers at the same time the distance ( ). These distances are different for various vibration modes and depend on the bending mode shapes. For the cantilever beam, these are described as 
For the mass located at the distance , the general case, the kinetic energy is given by
If the kinetic energies in the two cases are equal, the same natural frequency for them both is obtained. The dependency between the two masses and for the th vibration mode results from (4) and (5), as
Note that, for the cantilever beam, the largest displacements are always achieved at the free end. Thus, ( ) is achieved by normalization and denotes the dimensionless transverse displacement for a point placed at the distance from the fixed end. Obviously, [ ( )]
2 takes values between zero and one. In the case of cantilever beams, (6) shows that the tip mass has the most important contribution to the total kinetic energy. Also, (6) indicates that any mass located at a distance from the fixed end can be replaced by an equivalent mass located at the free end. The scaling factor employed to find the equivalent mass is given by the square of the normalized mode shape [ ( )]
2 . From the dynamic point of view, the beam's equivalent mass is achieved by summarizing the equivalent masses of all beam slices. In Figure 4 , this fact is illustrated for the case of the second bending vibration mode. Actually, the total equivalent beam mass -eq placed at the free end, corresponding to the th bending vibration mode, is obtained by multiplying the specific mass with the area under the curve [ ( )]
2 .
Shock and Vibration Consequently, the total equivalent mass, for the th vibration mode, is
The term
was nominated as the mass participation coefficient. The superscript of 0-stands for the considered segment limits, in this case being the whole beam length. It is worth underlining that for all vibration modes the area under the curve [ ( )] 2 in the interval limits 0-is 0.25, irrespective of the vibration mode.
Therefore, the frequency can be expressed with regard to the equivalent mass, as
The contribution to the total kinetic energy can be derived from (7) as the sum of the mass participation of all infinitesimal slices. The individual mass participation considers the distance covered in a quarter of the period , so that it is different for the various vibration modes. Figure 5 indicates the normalized mass participation of 100 slices for the second bending vibration mode. Now, the beam with a uniform cross section loaded with supplementary mass on a beam segment of length Δ placed between points and was considered. The load was applied in a manner which did not affect the beam stiffness. This can be modeled by an increased volumetric mass density, resulting in an increased specific mass on that segment. The equivalent mass contribution of the segment subjected to a mass increase is
The total equivalent specific mass, contributing to the kinetic energy, is found by summarizing the equivalent specific masses of this segment and the other two segments, which are not subjected to any additional mass. These last two are 0-
where 0-, -, and -are the mass participation coefficients for segments 0-, -, and -, respectively. Figure 6 depicts the mass participation for a beam having an increased mass density on a segment with the limits = 0.3 and = 0.45 . On that segment, the increased distributed mass has as effect the drop of the kinetic energy. For the beam subjected to an additional mass, the entire mass contribution is presented in Figure 6 (a). One can observe the distortion of the mass participation coefficients between points and .
In the case of a supposed uniform stiffness, the natural frequencies for the beam with increased mass between points and , that is, > , are
or, considering the mass participation coefficients,
Obviously, the natural frequencies decrease due to an additional mass. In the case of mass loss, that is, < , the frequencies of the beam can be also calculated with (12) . In this case, increased natural frequencies are expected.
From (8) and (12), the natural frequencies of the beam with altered mass with respect to the frequencies of the uniform beam are obtained as
If the beam is subjected to the action of more masses, the frequencies can be similarly derived, but a particular approach is imposed for each specific segment. This means that in (13) more terms will be present in the denominator.
Equation (13) can be employed also for the case of inertial loads which are not uniformly distributed along segment -. In this case -eq = -( ) and is expressed with respect to the mass variation along the -beam segment ( ). In this regard, it is possible to derive the effect of a variable cross section upon the frequencies of such a beam. Additionally, if the stiffness variation is known, it is possible to find out the beam frequencies for variable cross section, by superposing the effects of stiffness and mass alteration.
In practical applications, such as damage detection or vibration control, the frequency deviation caused by the mass alteration is relevant. It is
From (14) , it clearly results in the fact that by increasing the mass the frequency changes reaching negative values, whereas, by a loss of mass, the change is in the sense of frequency increase. The relative frequency shift, achieved by dividing the frequency change due to mass alteration to that of the uniform beam, becomes
Because the contrived relations, expressing the frequency of the nonuniformly loaded beam, the frequency shift, and the relative frequency shift of transverse modes, contain just terms dependable on the support type (e.g., mode shapes and wave numbers), the relations are generally valid. The single requirement is the involvement of these features obtained for the right boundary conditions. In the next sections, the obtained mathematical relations are examined as opposed to numerical simulations and experimental results in the case of a cantilever beam.
Numerical Verification
To prove the correctness of the contrived mathematical relations, by means of the finite element analysis (using ANSYS software), a series of simulations were performed. The initial investigations have taken into consideration the uniform beam, having a length = 1 m and a rectangular cross section with the following geometry: width = 50 mm and thickness = 5mm. The physical-mechanical properties are the volumetric mass density = 7850 kg/m 3 , the longitudinal elasticity modulus = 2.0 ⋅ 10 11 N/m 2 , and the Poisson ratio = 0.3. The gravitational acceleration is taken to = 9.806 m/s 2 , the mass of the beam becoming = 1.9625 kg. The first three natural frequencies of the transverse modes are derived, in order to get the reference values, which are presented in Table 2 .
Afterwards, beams presenting nonuniform mass distributions were considered. The particular cases are individualized by the disturbance position, extent, and intensity. Regarding the disturbance extent, two typical cases are defined: (a) deviation from the uniform mass distribution present on large segments and (b) slim regions affected by the altered mass load. It has to be noted that the mass increase or decrease is modeled by a changed mass density of the respective segment. The parameters of the regions subjected to mass alteration are comprehensively presented in Tables 1 and 2 .
The first three natural frequencies for the transverse vibration modes are found using the modal analysis module. Tables 3 and 4 present the results derived for the uniform beam using (1) and for the twelve designed scenarios by involving the contrived equation (13) . The results achieved by simulations are presented for comparison in Tables 5 and 6 . The fit between the results analytically obtained and by means of FEA confirms the validity of the derived equations.
The relative frequency shifts are derived and compared to have a better overview on the results. Tables 7 and 8 show the results achieved by analytical study and FEA.
Taking a look at Tables 7 and 8 , a good fit between the relative frequency shifts derived analytically and by means of FEA simulation is observed. This good concordance is highlighted in Figures 7-10 , where the comparison is separately made for the same class of mass alterations (regarding the extension and the sense of mass change). Thus, the correctness of the mathematical relations presented in Section 2 is confirmed.
The relative frequency shifts (RFSh) have got a special attention. They clearly characterize any nonuniformity in the beam's mass distribution, indicating at the same time the location and level of supplementary load. For the same position, the RFSh differ by amplitudes, which are in a relation defined by the additional load level (e.g., ratio between the regular density and the density achieved in the region, where the distortion is present). Thus, by normalizing the relative frequency shifts a sequence of values is attained, constituting a pattern that indicates the region in which the mass 4000  100  110  10  H  10000  100  110  10  I  12000  150  160  10  J  2000  150  160  10  K  14000  200  210 nonuniformity is present. These patterns are in direct relation to the square of the mode shape value at the affected region location and they can be analytically defined if the boundary conditions are known.
Laboratory Experiments
The experimental tests have been designed to complete the numerical analysis, in order to prove the correctness of the theoretical findings. These were carried out on a cantilever beam similar to that chosen for the FEA. Here, the first seven natural frequencies of the weak axis bending modes, for the uniform beam and the beam subjected to an additional mass (see scenario E), are targeted. To assure the clamped end with a proper fixing, the beam was clamped in a vise, as presented in Figure 11 . The acquisition system consists of a laptop, a compact chassis (NI cDAQ-9172) with NI 9234 signal acquisition modules, and a Kistler 8772 accelerometer that is fixed close to the beam's free end. Since a high precision in evaluating the natural frequencies is required, due to the expected small frequency changes, the implementation of a properly developed virtual instrument in the LabVIEW environment was necessary [11] . It allows the acquisition of the acceleration time history and an accurate evaluation of frequencies [12, 13] . A noncontact acoustic excitation was employed to produce controlled input. The acoustic excitation system chain wave up to 100 W output power, impedance of 4 ohms, and 2 to 22000 Hz frequency range. The speaker is also adequate in case of low-frequency, having a free-air resonant frequency of about 65 Hz and providing good linearity before and after this frequency up to 0.5 Hz in low and 5 kHz in high. Additional masses are distributed between points = 500 mm and = 550 mm to ensure the same mass load as in scenario E of the numerical simulations section. Thus, 10 elements, each having the mass around of 7 g (to attain the additional mass of 76.88 g), are distributed along the region of interest. A special care was given to achieve a point contact between the added mass's elements and the beam and to avoid the self-contact between the elements of the added masses, in order to maintain the original stiffness. The way it was adequately performed is detailed in Figure 11 (b).
The measured natural frequencies M for the first seven bending vibration modes of the uniform beam as well as that obtained by calculus and simulations FEM are presented in Table 9 . Table 10 indicates the frequency values achieved by calculus, FEA, and measurements, for a beam corresponding to scenario E. Taking a look at Tables 9 and 10 , one can remark the good fit between the frequencies for the three approaches.
The relative frequency shifts are calculated and compared to accomplish a deeper analysis. For the three approaches, the results are indicated in Table 11 and depicted in Figure 12 . Reviewing this figure, the good correlation between the achieved RFSh values can be clearly seen, confirming the validity of the proposed analytical relation for the prediction of frequency shifts due to mass changes.
The results presented in Figures 7-10 and also 12 show that a disturbance from the uniformly distributed mass state is indicated by the relative frequency shift values of the transverse vibration modes. The values of this vector can be used to indicate the location and severity of the disturbance, by involving an inverse method and a pattern recognition algorithm, similar to the case of stiffness decrease [14] . The higher the vibration modes analyzed, the higher the reliability of the results.
Conclusion
In this paper a mathematical relation for the prediction of frequency changes due to alteration of mass is proposed. This relation associates the effect of a local mass on the natural frequencies with the square of the mode shape corresponding to that location. Since the relation has as input parameters the position, the mass alteration, and the beam mode shape, it becomes easily adaptable to any kind of boundary conditions. The accuracy of the achieved mathematical relation has been examined by numerical simulations and experiments, in the case of a cantilever beam, and the results confirmed its robustness and reliability.
The relative frequency shifts derived from this relation provide a simple way to describe the vibrational behavior of beams with nonuniform distributed mass. Thus, it is possible to create a database containing numerous scenarios afterwards employable to find the region subjected to mass distortion and derive its significance.
